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^ ■ Abstract. We derive slow-roll conditions for a scalar field which is non- minimally 

VO , coupled with gravity in a consistent manner and express spectral indices of 

j~^ ' scalar/tensor perturbations in terms of the slow-roll parameters. The conformal 

^k . invariance of the curvature perturbation is proved without linear approximations. 

Rapid-roll conditions are also derived, and the relation with the slow-roll conditions is 



f^ ■ discussed. 
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1. Introduction 

In curved spacetime, a scalar field may generally couple to the scalar curvature so 
that the potential of (j) has an additional term ^R(j)'^/2 [2l [1]. ,^ = 1/6 corresponds 
to the conformal coupling: a massless scalar field is conformally invariant. Even if 
the scalar field is minimally coupled with the curvature at tree level, a non-minimal 
coupling is induced naturally by radiative corrections [3]. Moreover, in supergravity 
theories scalar fields typically have a curvature coupling from the Kahler potential. 
Furthermore, a warped brane inflation in string theory involves a non-minimally coupled 
scalar field [1]. Thus, a non- minimal coupling of the scalar field is well motivated 
from the theoretical point of view and has applications in cosmology (for example, 
Refs. [SI [6]). Such a non-minimally coupled scalar field may also be interesting from the 
observational view point. Recent observations like the Wilkinson Microwave Anisotropy 
Probe (WMAP) 5 year results are sufficiently precise to constrain inflation models 
severely. For example, chaotic inflation with the quartic type of potential is excluded at 
more than 95% confidence level [7]|j One method to circumvent such a constraint is to 
add another source of fluctuations [9] . Another interesting method is to introduce the 
non-minimal coupling to the curvature, which can reduce the tensor to scalar ratio to 
negligible levels [TOlIII]. Then, a non-minimally coupled chaotic inflation with a quartic 
type of potential is still viable. Thus, it is very useful to derive generalized slow-roll 
conditions for such a non-minimally coupled inflaton field and provide the formulae of 
the scalar /tensor spectral indices in terms the slow-roll parameters, as in the case of a 
minimally coupled inflaton. However, as far as we know, such slow-roll conditions have 
not been derived in a fully consistent manner. A non-minimal coupling also realizes non- 
slow-roll inflation. The coupling to the curvature like ^RcjP' /2 leads to the additional 
mass squared m^ ~ 12^H^ so that the inflaton cannot slow-roll with C, = 0{1). However, 
in the case of the conformal coupling, it has recently been shown that the inflation takes 
place with the rapidly rolling inflaton [12] . 

In this paper, we first define the slow-rolling of the scalar field in the Jordan frame 
and derive consistency conditions of it, which we call extended slow-roll conditions. 
We then apply these conditions to several examples. We also compute observational 
quantities (spectral indices of scalar /tensor perturbations and the ratio of tensor to 
scalar perturbation) and rewrite them in terms of these slow-roll parameters. Our 
formulas make it possible to calculate the observational quantities in either frame 
(Jordan or Einstein) using the functions appearing in the Lagrangian only. Next we 
define the rapid-rolling of the scalar field and derive rapid-roll conditions and discuss its 
relation with the slow-rolling of the scalar field and then provide several examples. In 
Appendix, we give several formulas in the Einstein frame which are useful for calculations 
in the text and also prove the conformal invariance of the curvature perturbation. 

I Such a chaotic inflation is predicted as a simple reahzation of chaotic inflation in supergravity [8] . 
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2. Slow-Roll Inflation with a Non-minimally Coupled Scalar Field 

In this section, we derive the extended slow-roll conditions of the scalar field which 
couples non-minimally to gravity and express scalar/tensor spectral indices in terms of 
these slow-roll parameters. 

The action in the Jordan frame metric Qf^^, is 

1 „ „ 1 



S = / rf^xvM? 



_i?_F(0)i?__(V0)2-y(0) 



(1) 



Here k"^ = SnG is the bare gravitational constant and F{(j))R term corresponds to the 
non-minimal coupling of the scalar field to gravity. 

We assume that the universe is described by the fiat, homogeneous, and isotropic 
universe model with the scale factor a. The field equations are then given by 

^'-&-Y^- (2) 

p^ = l^' + V + 6HiF + HF), (3) 

H = -—{p^ + p^), (4) 

p^ = ^(P^-V -2F-4HF-2F{2H + 3H^), (5) 

4) + 3H<i) + V' + QF'{H + 2H^) = 0, (6) 

where the dot denotes the derivative with respect to the cosmic time and V = dV/dcj). 
The equation of motion of the scalar field Eq. ([6]) is also derived from the energy- 
momentum conservation: p^ + 3H{p^ + p^) = 0. 

2.1. Slow-Roll Conditions 

Introducing Q = 1 — 2k^F which corresponds to a conformal factor between the Jordan 
frame and the Einstein frame, the equations of motions are rewritten as 

H'n + Hn = ^ Q^^ + V^ , (7) 

n-H(l + 2HVL = -k202, (8) 

30' . 

(P + 3H(P + V'-^{H + 2H^)=0. (9) 



Since under the slow- roll approximations [13] , the time scale of the motion of the scalar 
field is assumed to be much larger than the cosmic time scale H~^, as an extended 
slow-rolling of the scalar field, we assume that 0^ ^ V, \Q\ ^ HQ, |0| ^ H\(j)\ and 
101 <^ \V'\, then we obtain 

H'n ^ y v^, (10) 



■'5^^ - -^^ (^ i -— 



3H<P ^ -V + 6-H' ^-n' -] =: -V' (11) 
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where in the second equation, we have assumed \H/H'^\ <^ 1, which should be checked 
later. Note that iiVocQ^, then Vejf is flat and V^fr = identically. 

In the following, we derive the consistency conditions for the extended slow-rolling 
of the scalar field (the extended slow-roll conditions). By computing from Eq. (ITT]) , 
we obtain 

i H v:'„ ^^^^ 



H4, H^ SH'' 
Moreover, from Eqs. flTOj) and flTTj) using Cl 



l]'c 



V 



01/ '2 

3kW 



2' 



nXff 



(13) 
(14) 



Hence, we finally introduce the following slow-roll parameters and obtain the extended 
slow-roll conditions: 



e : = 



6:-- 






e< 1, 



|r/|<l. 



\5\ « 1, 



(15) 
(16) 
(17) 



where we have introduced a factor of 2 in the definition of e so that it accords with 
the standard notation of the slow-roll parameters [T^[T^ . A useful bookkeeping rule is 
that a term involving derivatives divided k^ is to be treated as a small quantity. The 
importance of the last condition Eq. ( IT71) in the background dynamics of the scalar field 
has not been fully appreciated|§| However, it is necessary for slow-roll inflation both 
in the Jordan frame and in the Einstein frame and is essential to relate these slow-roll 
parameters to the slow-roll parameters in the Einstein frame, which are discussed in 
Appendix A. 

We also need to make sure that |0| -C \V'\ is satisfied in deriving Eq. (TTTl) . From 
Eq. (fTTI) . we have 

v 



^eff Kff 



H V 3H V 3H^ V 9i72 V' ' 
Therefore, comparing Eqs. flT6|) and flT2|) . |0| ^ \V'\ is satisfied as long as 



:i8) 



eff 



v 



Oil). 



Note that since from Eq. ([8]) \H/H'^\ is approximated as 



H 



H^ 



Q 



2HQ 2V 



2k^V ^ 2k2\/2 



nv:], 



(19) 



(20) 



In [ITllllj . a similar slow-roll parameter is introduced in the context of a scalar perturbation equation. 
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\H/H'^\ <^ 1 is guaranteed by these conditions. 

To sum up, the extended slow-roll conditions consist of three main conditions 
Eqs. ( TT5|) . (TT6l) and (IT7I) and one subsidiary condition Eq. (TT9l)]||l 

2.2. Example: Chaotic Inflation with Non-Minimal Coupling 

As an example of extended slow-roll inflation, we consider a non-minimally coupled 
scalar field for chaotic inflation with: 

V^(0) = ^0", F{<P) = 1^0', (21) 

where ^ is a dimensionless coupling parameter and .^ = 1/6 corresponds to the conformal 
coupling. 

For |^|kV^ > 1, from Eq. ([10]) ^ < is required. Then Q ~ -^KV^ ^' - 
-2^fi:V,/ ^1-6^ and V^f^ ^ (n - 4)y/((l - 600) for n ^ 4. Hence slow-roll 
parameters become 

_ (n-4)2e ^_ (^-4)(n-l)e ^ ^_ 2(^-4)^ ^ ^^2) 



2(1 -60^' 1-6^ ' 1-6^ 

while a subsidiary condition becomes |V^'/-/-/V^'| = 1/|1 — 60|(n — 4)/n|. Therefore, for 
general n, |.^| <^ 1 are required for slow- roll, which coincides with the conditions derived 
in [1]. An exception is the case of the quartic potential n = 4. In this case from Eq. flTTl) 

for lel^V^ > 1, K// - -A0/((1 - QO^K,^) = -4^/((l - 60^«;V^) and V^^f becomes 

vanishingly small, which corresponds to the flat plateau in the Einstein frame found by 

Futamase and Maeda [1]. The slow-roll parameters are 

« 4 8 

V=7^^^7^-T7,, ^ = 7^^.7V-^- (23) 



(i-602e«v (i-60ft;V (i-60kV 

Hence, for n = 4 the slow-roll conditions are automatically satisfied irrespective of ^ as 
long as .^ < 0, which again coincides with the results in pGj. 

On the other hand for I^k^^ < 1, fi ~ 1, fi' ~ -2^fi;V, / ^ 1 and V^jj ~ nV/cj). 
So slow-roll parameters become 

n^ n(n — 1) ^ , ^ 

and VLf/V ~ 1. Hence |0 -C 1 and fi:^0^ S> 1 are required for slow- roll for \^\n'^(j)'^ ^ 1, 
which again coincides with the conditions given in [1]. 

2.3. Perturbations 

In Appendix, it is shown that the gauge invariant curvature perturbation TZ is invariant 
under the conformal transformation into the Einstein frame. Then we can calculate the 
power spectrum Pnik) [161 [13 HTj . 

II It is to be noted that the subsidiary condition is a sufficient condition for sfow-roU and a necessary 
condition is that Eq. (fTO|) multiphed by e,r] or 5 is sufficiently small. 
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Jordan frame Qf^i, 


Einstein frame ^^j, = ^g^y 


slow-roll parameters 


e,7],6 


e = e,fi = ri- §5 


scalar spectral index ns 


1 - 6e + 2r/ - 35 


1 - 6e + 2r] 


tensor spectral index ut 


-2e 


-2e 


tensor/scalar ratio r 


16e = —'8>nT 


lQ'e = —Snr 



Table 1. Slow-roll parameters and inflationary observables in Jordan/Einstein frame 



where /c is a comoving wavenumber at the horizon exit [k = aH), the hatted variables 
are those in the Einstein frame and we have used Eqs. flA.SP and flA.14p and Eq. flA.lSp . 
In the last equality we have assumed the slow-roll approximation. Using 



d\nk = d\n aH ~ Hd(f)/(f) 



^Kff 



(26) 



to the first order in the slow-roll parametersjlfl the spectral index of scalar perturbation 
is then given by 

_ dlnPfi 



Us 



d\n.k 



-6e + 2r/ - 35. 



(27) 



Moreover, using the relation Eqs. flA.lip and flA.12p . we finally obtain the simple formula 

n5 - 1 = -6e + 27/ - 35 = -6e + 2r] = ^-l, (28) 

which proves the invariance of the spectral index under the conformal transformation. 
Tensor perturbations are also invariant under the conformal transformation into 
the Einstein frame. Then we can calculate the tensor power spectrum Ph{k) 

2kH 2kH 2kVi/2 



pl/2 



{k) 



(29) 



V27r v^TT ^/QnVt 
where in the last equality the slow-roll approximation is assumed. Then the tensor 
spectral index is given by 
dlnPh 



Ut = 



dlxik 



-2e 



-2e = riT, 



(30) 



which is also conformally invariant. The tensor to scalar ratio r is also calculated as 

16e = f. (31) 



r = — = ibe 
Pn 



Again this is also conformally invariant. Therefore, the consistency relation for a single 
scalar field inflation 



r = —qut 



(32) 



is conformally invariant [TT]. These results are summarized in Table 1. 

It should be noted that the invariance refers to the equality between the quantities 
calculated using V{(f)) with gf^^, and those using V{(f>) with 'g^,^, not V{(f)) with 'g^y. 



^ Note that d\nk ~ — k^V d(f) / {dV / dcj)) under the same approximations. 
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Therefore, the observational quantities calculated by V{(j)) with non-minimal coupling 
are different from those by V{(j)) with minimal coupling. 

To demonstrate this, as an example, we calculate ns,nT and r with Eq. ( pTl) . For 
1^1^202 > 1, from Eq. ([22]), they are calculated for n 7^ 4 (note ^ < and |^| < 1) 

ns - 1 = ut ^ {n - 4)2^, r ~ -8{n - 4)^^. (33) 

Here we note that these are independent of the e-folding number. This feature can be 
easily understood by calculating them in the Einstein frame. From Eqs. (IA.5I) and flA.6p . 
the canonical scalar field and the potential V{(f)) in the Einstein frame are given by 



.,/^i,og^, (34) 



V{(f)) ~ Voexp 






ee 



(35) 



where 0o is a constant field value which yields the origin of and Vq = A0q~^/(?7„^^/€^). 
Thus, the inflation becomes the power-law type with the exponential potential in the 
Einstein frame. In fact, the slow-roll parameters in the Einstein frame are given by 
e ~ —{n — 4)^^/2 and fj ^ —{n — 4)^^, and inserting them into the formulas ( !28l) . (|30ll 
and ( I3T]) yields the same values as those calculated in the Jordan frame. 

Forn = 4 from Eq. ([23]), e = -l/{8^N^),ri = 1/2N and 6 = 1/N, where N is the 
e-folding number until the end of inflation and is written for n = 4 as 

N = r Hdt ^ il^^^V', (36) 

Jt 8 

so that 

On the other hand, for a minimally coupled {F = 0) infiaton with the same 
potential, usiUt and r are calculated in the standard manner [15] 



n + 2 n An 

"^-' = -^ir' "^ = -2iV' ^=iV' ('') 

which clearly shows that both (Eq. ([33]) or Eq. ([37]) vs. Eq. ([38]) ) are different. In 
particular, although the tensor-scalar ratio r for a minimally coupled infiaton is generally 
large r ~ 0.13(n/2)(60/A^) and it is so for a non-minimal coupling with n 7^ 4, 
r ~ 0.32((1 — n5')/0.04), for a non-minimally coupled infiaton with ra = 4 it can be 
small, r ~ 0. 056(0. 01/|^|)(60/A^)^, due to the extreme flatness of the effective potential 
Veff for n = 4. 

3. Rapid- Roll Inflation 

Rapid-roll inflation is a novel type of inflation with a non-minimal coupling in which 
inflation occurs even without slow-roll for the conformal coupling. In this section, we 
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derive the conditions for rapid-roll inflation for a more general non-minimal coupling 
and discuss their relation with the slow-roll conditions. 

Firstly, we must define rapid-roll inflation. Rapid-roll inflation is a type of inflation 
without slow-roll of the scalar field. The motion of the scalar field is determined 
primarily by the curvature coupling rather than by potential term, so that the time 
scale of the motion is determined by the Hubble parameter rather than by the effective 
mass of the potential, so that \<p\ ~ H(j). Nevertheless, as shown in [12], for the conformal 
coupling, such a rapid motion of the scalar field does not affect the expansion rate of the 
universe and the universe inflates. In the following, we first derive necessary conditions 
of the coupling F{(j)) for de Sitter expansion for constant V{(f)) = Vq, and then derive 
rapid-roll conditions for general V{(f)). The equation of motions are given by 

(39) 

(40) 

(41) 
(42) 



6^ - - ^ (43) 

then from Eq. ( H2l) vr decays as tt oc a~^ and thus from Eq. ( HT1) H becomes constant: 
de Sitter expansion. The conditions Eq. (HSl) can be integrated to give 

Fi<l>) = ^{<P-vr, (44) 

where f is a constant, which may be called a 'shifted conformal coupling'. Thus if the 
conditions Eq. ( l43l) are satisfied, even if itself does not move slowly, inflation occurs, 
which is called rapid-roll inflation. 

3.1. Rapid Roll Conditions 

Next, we consider a general V{(j)) and F{(j)) and derive rapid-roll conditions in terms of 
V and F. We assume that the time scale of n is also determined by the Hubble scale, 
so that TV ~ cHn and that the equations of motions are approximated by 

H' ^ jV, (45) 

(c + 2)iJ7r~-l^', (46) 

where c is a proportionality constant at most of the order 0{1) and will be explicitly 







6 \Z 


J 








4) + 3H^ + V' + 6F'{H + 2H^) 


= 0. 




Then, 


by defining n = <p -\- QHF', this can be 


written as 








o \1 


3F'2)' , 








7r + 2H^ + V' + {l- 6F")H<}) -- 


= 0. 




Therefore, 


for constant V = Vq ii the foUowin 


g conditions 


are satisfied. 






F" = -, F = 3F'\ 







given later which is not given in [12] . Note that the left hand side of Eq. fl45|) does not 
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9 



contain the conformal factor. Furthermore, for successful inflation, the variation of the 
Hubble parameter should be slow 

H 



m 



< 1. 



(47) 



In the following, we shall derive the consistency conditions for rapid-roll inflation 
following [12] . In Eq. fl45p , the first and the last terms of the right hand side in Eq. (1411) 
are neglected. Since 

this is consistent if 

y'2 2{c + 2f 



2(c+2)2fi;21/2 



2k^{F - 3F 



/2\ 



(4^ 



"■ 2k^V^ 3 

Moreover, from the time derivative of Eq. P6|) 

H 3V" 



vr 



e, < 1, 



6F'V'' 



(49) 



(50) 



V. 



{c + 2)Hii {c + 2)H^ (0 + 2)2^21/ {c + 2)V'' 

Therefore, neglecting tt — cHtt + H{1 — 6F"){tt — 6HF') in Eq. (1461) is consistent if 

V^ 2ic + 2)F'V" c(c + 2) _ c + 2 _ _ 2(0 + 2f k'JI - 6F")F'Y 

(52) 

where we have assumed |if |/iJ^ ^ 1, which also should be checked. From the time 
derivative of Eq. ( 145|) 

H 



Vc\ < 1, 



iJ2 



2{c + 2)k,W 



\/'2 F'V 

+ 3- 



2T/2 



V 



Therefore assuming \H\/H'^ ^ 1 is consistent if 



5r:-- 



+ 



\5c\ < 1. 



(53) 



(54) 



2(c + 2)fi:2y2 Y ' 

To sum, the rapid roll conditions consist of three conditions Eqs. ( H9l) . (l52l) and (E 

The constant c may be expressed in terms of the potential V and the coupling 
function F. The time derivative of Eq. (l45l) and Eq. (l46l) yields a quadratic equation for 
c, and the solutions of it are given by 



1 



F'V" 3 F'V 



V 



2 V 



± 



F'V" 3 F'V 
1-3^T— + -■ 



V 



2 V 



V 



kW 2 kW 



3 V'2 



For F satisfying Eq. (H5]) . using the rapid-roll conditions Eq. (H^ and Eq. (lM]) . it can 
be approximated as (note that this can also be derived by setting ric ^ 0) 



F'V"^ 



F'V" 






(56) 
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and for |c| <^ 1 it reduces to 

3 V" f F'V"\~^ 

Hence \c\ <^ 1 requires \V" / n'^V\ <^ 1. Since f2 = 1 — k^0^/6 = 0(1), together with the 
conditions Eg. (1491) and Eq. flS^ . this imphes that the rapid- roll conditions are reduced 
to the slow-roll conditions, which is also seen from |7r| ^ cH\'k\ <^ -f^|7r|. Thus the 
relation between rapid-roll and slow-roll is clarified: c = 0{1) for rapid-roll; \c\ <^ 1 for 
slow-roll. 

3.2. Example 

As an example of rapid-roll inflation, we consider a scalar field with the conformal 
coupling F^cj)) = 0^/12 and the potential 

V{(f)) =v^± -m^(j)\ (58) 

where v is the typical energy scale of inflation and m is the infiaton mass. This type 
of potential often appears in hybrid inflation (plus sign) or new inflation (minus sign). 
Firstly, we derive the rapid-roll conditions for this potential and then confirm the relation 
TT ~ cHir by directly solving the equation of motion. 
The rapid-roll parameters are estimated as 

m^0^ m^ (c + 2) c{c-\-2) m^cj)^ im?^"^ 



m'' (c + 2) c(c-|-2) m''0'' fni4>\ 




' 2kW' " fi:2y 3 3 ' ' 2(c + 2)fi:2V 

Hence from |5c| <^ 1 and ec <^ 1, rra^^^ <^ ^4^ g^ \h.&k, V ~ f^. From ec <^ 1, 
r7i'^02 <^ k'^v^. c is determined by solving r]c — (Eq. (I56p ) 

(60) 

where Hq = kv^/\^. Then the scalar field moves according to vr ~ cHn with 
IT = (j) -\- H(f). Since c is always negative as long as the determinant is positive, tt ^ 
and the inflation occurs. Note that for new inflation (plus sign in the determinant), 
we can consider the case of m^ ^ H^, so that one of the usual slow- roll condition, 
|?7| = \V"/k,'^V\ ^ 1, is violated, which is related to the situation in so-called fast-roll 
inflation [T8] . 

We can now confirm the assumption n ~ cHir by solving the equation of motion 
for the scalar field (p directly. For tti^^^ <^ y^^ the equation of motion of is given by 

4) + 3Ho(p+i2H^±m^)(pc^O. (61) 

Inserting </> = (/'qc'^* into the above equation yields 

u^ + SHoto + 2Hl ± m^ = 0. (62) 

Then, uj is given by 



u= -'^-H,± i Vif2 ^ 4^2 = cHo. (63) 
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Thus, vr = + H(f) = {u -\- Hq)(J) = (c + 1)Hq(J), and so indeed n = c{c + l)Hl(j) = cHqTI. 
Finally, we would like to point out that for the polynomial potential V{(j)) oc 0", 
which often appears in chaotic inflation, one of the rapid roll parameters 6c — n/6 = 
0{1) violates the rapid-roll condition. Therefore, the rapid roll inflation does not occur 
for this type of potential. 

4. Summary 

In this paper, we have derived the slow-roll conditions for the scalar field non-minimally 
coupled to gravity in consistent manner, which was made possible by rewriting the 
equation of motion using the conformal factor Q and by introducing the effective 
potential V^ff. The slow- roll conditions consist of three main conditions Eqs. (fT5|) . flT6l) 
and (fT7|) and one subsidiary condition Eq. (fTOll . The third condition |5| <C 1 (Eq. ( fTTl) ) 
appears not to have been derived before in the context of the background dynamics of 
the scalar field. However, it is necessary for slow-roll inflation both in the Jordan frame 
and in the Einstein frame. These conditions enable us to relate the slow-roll parameters 
in the Jordan frame (e, ?7,5) to those in the Einstein frame (e,r]), so that observational 
quantities can be calculated in either frame and the conformal invariance of them can 
be proved. We have also derived the rapid-roll conditions by slightly generalizing those 
in [12]. The rapid- roll conditions consist of three conditions Eqs. (149|) . (152|) and (154|) . 
We also discussed the relation between rapid-roll and slow-roll. 

Our formulae, Eqs. fl25|) . fl28l) . fl29|) and fl30|) . allow us to calculate the observational 
quantities in either frame using the functions appearing in the Lagrangian only. 
Although we have shown the conformal invariance of the curvature perturbation beyond 
linear perturbation, the conformal invariance of the spectral indices of scalar /tensor 
perturbations is proved only in the first order in the slow-roll parameters. It would be 
interesting to extend the invariance to higher orders. 
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Appendix A. Slow-Roll Conditions and Perturbations in Einstein Frame 

In this appendix, we perform the conformal transformation to the Einstein frame 
and introduce slow-roll parameters and give their relations with those in the Jordan 
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frame. Perturbations in FRW metric are also given and the conformal invariance of the 
curvature perturbation is proved. 

Introducing ^2(0) = 1 — 2k^F(0), the action Eq. ([T]) is 



S 



2k^ 2 

Introducing the Einstein metric ^^j, by the conformal transformation 

the action becomes that of a scalar field minimally coupled to Einstein gravity 

d'^xsj —g 



S 



2k^^ 2n ' ^ 






d xy —g 



^^-i(v5)2-F(?) 



(A.l) 

(A.2) 

(A.3) 
(A.4) 



where in the second line we have introduced a canonical scalar field with a potential 
V 



J 22 



y(0) 






1 



2fi:2fi(0)y ■ (](0) 



Appendix A.l. Slow-Roll Conditions 

The slow-roll conditions in the Einstein frame are simply given by 

e:= ^ I ^^ I ; e < 1, 



(A.5) 
(A.6) 



2k2V2 

1 d^V 



r] :-- 



1^1 < 1- 



fi:2\/ rf02 
In terms of 0, using Eq. ( 1A.5I) and Eq. ( lA.6p . these parameters are rewritten as 



(A.7) 
(A.8) 

(A.9) 

K2/1/2V- yfl/2Q3/2j ' (^-10) 

where V^'^-j is defined in Eq. flTTj) . If we assign ^(e^) to the slow-roll parameters (e, 77, 6)iJ 
then / = 1 + O(e^), and / ~ 1 is satisfied under the slow-roll conditions Eq. flTSl) and 
Eq. (IT71) . Therefore, under the slow-roll approximations, the slow- roll parameters in the 
Einstein frame are related to those in the Jordan frame as 



2K^fV^' 



eff 



' K^V 2 K^V ' 2 



(A.ll) 
(A. 12) 



+ We adopt the standard mathematics notation, according to which e = 0{e'^) means that e falls like 
e'^ or faster as e ^ 0. 
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Appendix A. 2. FRW metric and Perturbations 

From Eq. ( 1A.2I) . the line element in the Einstein frame is 

d's^ = VLds^. (A. 13) 
So, the cosmic time t and the scale factor a in the Einstein frame become 

dt = Vfidt, a(t) = >/n{t)a{t). (A. 14) 
Hence the Hubble parameter H and the acceleration in the Einstein frame become 

[m Ellin] 

H='-^='(h + ^], (A.15) 



d^a/dt^ I h Htl 1 tl\ , ,, , 

These show that the acceleration in the Einstein frame does not immediately imply the 
acceleration in the Jordan frame. For the latter, |17| <^ HQ is required, which is realized 
by \S\ < 1. If \(l\ < Hn, then we obtain 

H ~ Q-^/^H, (A.17) 



d'^a/di 



f+2 



a 



n-^-. (A.18) 



a a 

Next, we consider scalar perturbations. In the longitudinal gauge 

rfs^ = -(1 + 2^(t, x'))dt^ + a^{t){l + 2<l)(t, x'))5ijdx'dx\ (A.19) 

the gauge invariant curvature perturbation, which is the curvature perturbation on the 
comoving (or velocity-orthogonal) slices, 

TJ 

7^ = $ - ^50 (A.20) 



is constructed. Defining 5r2(t, x*) = r2(t, x*) — VL{t) and noting that that a{t) = 
^yil{t)a{t), we obtain 

Then the invariance of TZ under the conformal transformation is immediately proved 
using Eqs. fCOTj) and (lAlSJ) [161 [13 [11] 



n = ^ ^ 



d(j)/dt 

^ ^^ ( TT ^ . -- 

$ - ^5<j) = n. (A.22) 
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From Eq. (lA.2p . tensor metric perturbations Qij = a'^{6ij + hij) are invariant under the 
conformal transformation |20j . 

Finally, we note that the conformal invariance of the curvature perturbation is not 
limited to the linear perturbation and can be proved in fully non-linear theory along 
the line of [21]. In the (3-|-l)-decomposition of the metric [22] 

ds^ = -U^dt^ + -iij{dx' + p') {dx^ + f3^), (A.23) 

we write the three-metric 7jj as a product of the scale factor and a perturbation <l> 

7.,=a2(t)e2*(*'-^ (A.24) 

In linear theory, this reduces to Eq. ( JA.lQj) . Then we define a quantity 

- C = $ - / -^rf0, (A.25) 

hit) (p 

which reduces to TZ (Eq. (]A.20p ) in linear theory and coincides with C, in [21] and is 
conserved on super-horizon scales in the Einstein gravity. Since ae* = ^r2(t, x*)ae* 
and a{t) = -\/r2(t)a(t), the conformal invariance of ( is immediately seen 

- C = <^ - / ^^-^d(P 

J${t) d(j)/dt 

= ^ + -\Yi{n{t,x')/n{t)) 




2 .L,(t\ cb \ 2HVt 



= $ - / ^dcp= -(. (A.26) 

J<t>{t) (p 

C is a conserved quantity because it is the curvature perturbation in the Einstein frame, 
which implies the conservation of C,. 
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